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Chapter 7 Exponential Method

Consider 1-D convection-diffusion equation

Finite Volume Method

4 pug — l"d—(’b =( ——> This equation can be solved analytically
dx dx
dé dJ
J=pup-T'— — =0
i dx dx

Integrating over cell element, we have
Second Session Contents:

1) Exponential Method

2) Central Difference Method Jo—J,. =0
3) Upwind Method

4) Hybrid Method

5) Quick Method

6) High Order Methods

7) General Formulation

e 5

P & & Ve & E::N
Exponential Method Exponential Method
| |
de de
J. = (pu), ¢, - n(—) I . J. = (pu), ¢, - n(—) I .
dx/, [';, M dx/, ;‘;r/ E
Pyt | Pe. o5 e Pe. o
e — e, e e, e
J.=F, [45.” +(¢p — ¢p) W] -T. [((DE = ¢p) 6_\¢eP“——l} J.=F, [45.” +(¢p — ¢p) —] -T. [((DE = ¢p) 6_\¢eP“——l}
e o1 e e o1 e
=F, (¢F + (e — ¢P)m] = Fo(¢r — ¢p) P =F, (¢F + (e — ¢P)m] = Fo(¢r — ¢p) P
[T [T —
J.=F, (¢F + ﬁ) Je=F, (¢P + e":’*‘ — i) Similarly we have |J,. = F, (q&w + i:““ jbf)




Exponential Method
d d¢

“Newp-12) =0 —— -y, =
dx (pm;i dx) Je=Jy =0

1 1
Fe (9‘31’ +(dp — bg) m)—ﬂ (¢w + (bw — ¢p) ﬁ) =0

Exponential Method

Despite high accuracy and physical behavior,
the exponential method has large computational cost.

So, it is not very popular.

Pe=0 Pure Diffusion
Pe=00 Pure Convection

Pe=0
Direction of flow Pe =
i ZawnN
T ¥ ¥
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Exponential Method
d d¢

“Newp-12) =0 —— -y, =
dx (pm;i dx) Je=Jy =0

1 1
Fe (9‘31’ +(dp — bg) m)—ﬂ (¢w + (bw — ¢p) ﬁ) =0

appp = apdrp + awdw

By comparing these two equations,
the analytical coefficients can be found as follows:

I, et

ar=omT7 aw=

ap = ag +ay
o r £t ay

This method is called Exponential Method

Example

Check the satisfaction of 4 rules for d ( pud — rdj) -0
Central difference method. d

- —

v
Using central difference method, we have
b+ dp dp+dw _ Tlde —p)  Tildp — dw)
(pu). 3 (pu)y, R ox. o



dp+dw  Tolde —¢p)  Tuldp —dw)
2 o, o,

appp = apgp + awdw

(pu)y

F,
aw = Dy + >

aL—:Defj" ap=ag+ay+F, - F,

The above discretization is second order

Example
b+ dp dp+dw _ Tlde —¢p)  Tildp — dw)
(pu)e 5 (pu)y, 5 = or, o,
appp = apde + awdw
F, F,
ay =D+ 5 aE=De_7 ap=ag+ay+F.-F,

Suppose that  ¢w = 100, ¢ = 200,

o =3
B ~ B > Non-Physical
2y =~y + 3w = 300 — 200 = 100 Solution

1"

-
D=—=1, F=pu=4
5 pu

ap=2 ?
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dp+dw  Tolde —¢p)  Tuldp —dw)
2 o, o,

appp = apgp + awdw

= (pu),

F, .
aw =D+ 5 ag=De - ap=ag+ay+F. - F,
I
Suppose that  ¢w = 100, ¢p =200, D= e I, F=pu=4
We expect that 100 < ¢pp < 200
10

Central Difference Method

Hints:

< Non-physical solution occurs due to negative coefficients
which contradicts the second law.

2

< Central differenece method is suitable for low Peclet
F
numbers (Pe = E)

r
ND=—=1

i) 4

In the example, Pe is: - Pe = £ _ 4 —4
F=pu=4 D
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Central Difference Method

To have physical solution, all neighbor coefficients should be positive.

F.
ay =D, + 7"
Central Difference Method ¥
€
ap =D, — 5
F, F,
[an =D“+720=—=Pe.\ > -2
- |Pe| <2
F F.
[aE:D( 776 >0=—=Pe, <2

Advantage: The upwind method does not produce oscillation results

Disadvantage:  The upwind method is numerically diffusive

Using Taylor series in Cartesian coordinate system and Fe>0, we have

3@5) (x. = xp)’ (51_(5
P

b= b+ (v~ ) o (53, o

The upwind method uses only the first term

roof)

ax

A

®
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Upwind Method

@p e

Upwind method is used for
high Peclet numbers (Pe) Yy

The value on the cell face Fy,
is equal to the upstream node

P @y

F.>0
¢ F,<0

b= dp

L w4
-
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Upwind Method

Consider 1-D Convection-Diffusion equation

d dé)
a{pw—ra} =0

On the right face of cell element we have

d do
T {(,Uu],«qﬁ‘. -T. (Z)‘} =0

o= dp+ (x, - xp)(%);L;”z(%)Pwm

o) _ [dé) | Ax (&
ax), ~ !fX)P+ 2 \ae), "

R

X, —xp = Ax/2
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Upwind Method Upwind Method
d g\ o
4 (pu).dp — @\ dx{P”d’ rdx}_o Le
dx o dx) ]~ X
&x, = 6x, = ox .
o = (pu).Ax/2 Numerical Diffusion bo=dw T W ‘ E
@ =dp LIS Y
Hints:
d¢
% In 2-D and 3-D problems in which flow direction is not (pu)etp, — (pr)yby =T, I L
perpendicular to the grid, the numerical diffusion increases ¢
I, I,
< Smaller grid can be used to increase the accuracy of Fep = Fudw = Ew" —r) - 6_x(¢F —¢w)
results of upwind method
= [(Fo+ D)+ Do+ (F, = F)lgp = (Fyy + D) dw + Do
17 18

TRt S —_— TRt S —_—
Upwind Method Upwind Method
d d i e i ] . .
o {puz;b - I‘d—i} =0 # % A In general, we can use the following relations for upwind method
5 @, ?

ag = D, + max[-F,,0]

Ox, = 0x,, = 0x e i
T P ay = D, + max[F,.0]

¢f’ = ¢E by

ap=ag+ay+(F.—-F,)

_r. (%) _r (%
.-t 1. (2) 1. (%)

l”y I
Fepp — Fyugpp = 3 (¢p — ¢p) — 3x (¢p — dw)

= Dy + (D = F) + (F. = F)l¢p = Dudw + (De — Fo) ¢
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ok
a b
4 5 i (pu)ethe — (PU)uih, = T(d—?] - T(ﬁ] h
. | P Node 1 Fobp— Fby = D{dy —dp) = 2D (dp — 1)
w e \_ = (F+3D)¢p = Dby + (F +2D) ¢y )
d¢ de 4 ~ _ 4o\ (4o
(p1e)ehe — (PU) by = r(,(a)(‘ _r"'(ﬁ)“, (pu). b, — (pu),,, = l"f( ax). r, dx),
>0 b = dp b = dw Node 5 Fop — Fobw = 2D (¢p — ¢pp) — D (dp — dbw)
\_ = (F+3D)¢p = (F + D)dw +2D¢y )
Fep— Fow = D(pr — dp) — D(dp — dw) o R . .
dp(F +2D) = dy(F + D) + Dipy By
” " p " . »

1.0 1.0 =
u=01m/s
S Sp ag | aw |Node L] S
sl o8| Humerical solution (UD]
Q2D+ F)py | -2D+F)| D 0 1 >
0 0 D|D+F| 24 o2 ot sotion LT p
2D¢s —2D 0|Db+F| 5 ol oak Exact solulion
Numerical solution (UD)
02t 02 b
- —25m/s
L L
% 0.2 04 ol‘a u{s 1w o 02 a4 o5 o8 10
Distance (m) Distance (m)
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Hybrid Method

Hybrid method is the combination of Central Difference and Upwind method

Pe| <2 Central Difference
Hybrid Method
|Pe| = 2 Upwind
Fu (pu),, d¢
Pe,=—=c"" v = -I—),
D, Iy/oxwp @ = (pud rd.x]
1 2 1 2
w=Fol= |1+ —|dw+=(1-— -2<Pe, <2
q [2 ( Pe. )‘f’u 3 ( Pe..,) ¢P] e
G = Fodw Pe, =2

Gw = Fudp  Pe, <-2
25

Power Law Method

In the Power-Law method, a fifth order curve fit is used instead of
exponential function in analytical solution. Therefore, high accurate
results can be obtained and also, the computational cost decreases
dramatically.

aptp = apdy + awdw

ap = D, max[0,(1 - 0.1|Pe|)’] + max[0, - F,] L~ 0Lipe)

ay = D, max[0, (1 = 0.1[Pe))’] + max[0, F,,]

ap=ay+ag+(F.—F,)
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&

appp = awdw + apdr

Gp=(!w+(lf+(Fc_Fn‘)

)
)

aw = max [F.,‘ (D” +

IS

ap = max [—F,,, (D,, -

Quick Method

26
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Quick method uses a three-point upstream-weighted quadratic
interpolation for cell face values. The face value of @ is obtained from a
quadratic function passing through two bracketing nodes (on each side
of the face) and a node on the upstream side

) et gildr —dp) + g2(dp —dw) w0

bp + 8x(dp — ) + galdp — drp) 1w <0

Pw
Duw Pe Po e

EE
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&

Quick Method

_ [\ (o= xp) (P -
B (de\ (g —xp) (dP =0
Pe.=gp+(xg “P)(dx),, ¥ 2! (dx2 ),,
d¢ (xw = xp)° (d¢ F
dw = ¢dp + (xw — ,\'/-)(K)P + - (E)P “”pe“-f e s o951
_ (xe = xp) (X, — xw) Central Differencin
Xe— Xp = g1 (Xg — Xp) — g2 (Xw — Xp) g1 = (xg — xp) (xp — xp) f e
) ) o — ) 08
(x, 2',1;) — (xXp q'.wu) 75_(31. 0',1;) ~ (%, — xp) (X — X,) -
I & 2! 2= -
(xp = xw) (xg — xw) 0s
' o 6 3 1 9Ade . : *
Unlform CarteSIan Gnd ¢( B g‘;b‘p * §¢’E B §¢“ - |6 (W)P*‘O(h ) o U.EP 0.50 ;1.75 1 Yo Oél 08 075 1 o Uéspaﬂi 5HTS 1
29 e = 0. '8 = -
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Higher Order Methods General Formulation
- 2 3 dpp) ot aJ, 7]
B(X) = a0 + arx + ax® +azx° %;ﬁ toat i —a—f_ . é=u X-Momentum
dg > , .
— | =a; +2ax +3azx” d(p¢}+%+£__6_p Gy
ax ), i Fr T . ¢= Y-Momentum
i N ¢ e
Uniform Cartesian grid Jy = pug — I“a J, = pvg — ra
D et _ (o dox 0
¢ r r Ax/dx,)
(%) _ 274 = 27¢p + dw — Pr de
x), J=Pe,p - —
dx), 24Ax . =Pe. ¢ dx/on)
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;‘?r A
? B,

®

General Formulation

I, =PeJagp + (1 —a)be] - Blop — ¢r]

a and [ are non-dimensional coefficients that depend on Pe.

A=-[f+Pe(l -
1. = Bpp — Adpy: L6 + Pe( ]
B=aPe, -

J: = Pe.pp = Pe,di It ¢p = ¢p

. _ A _(p)dre o _ _tpelAy]
Jo=(A+Peddr=Adr e, = = O Pe = RS

I3
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General Formulation

[aE =AD,. Jo = Fepp = AD [ bp — ] F.>0 ]
p

ag=AD, - F, Jo = Fobp = (AD, = F.)(p — $£) Fo<0
L = AD.¢p — Fopp — ADoy; + Foipys

p
- = D.A(|P ax[—F,.0
ar = DAPeD +maxt=Fo 01 " by A(Pe]) + max[~F,. 0]

ap = (ag +aw)+(F. - F,)

as = D,A(|Pe|) + max[F,, 0] ‘

‘ aw = D,A(Pe|) + max[F,, 0]

35

‘Eﬁ' SN it
General Formulation
F. Convection
Pe,= —=——-
D, Diffusion
. Léx, J. . _de _F.
= T J; D - D,,¢P + Aldp — ¢r)
J!’ - Ff‘¢n“ = DPA(¢P - ¢b)
Jo— Fobp = AD(¢p — dp) F.<D
Jo = Fopp = AD(dp — ¢r) F.>0
| Jo = Fopp = ap(dp — dg) ar = AD, + max[-F,, 0] |
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General Formulation
Method | A(Pel)
Central Difference | | — ().5|Pe|

Upwind 1
Hybrid max[0, 1 — 0.5|Pe|]
Power Law max[0, (1 —0.1|Pe|)’]
Exponential | |Pel/{exp(|Pe|) — 1)
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